Abstract. We give analytical pricing formulae for path dependent options on yields in the framework of the affine term structure model. More precisely, European call options such as the arithmetic average call, the call on maximum and the lookback call are examined. For the two last options approximate formulae using the law of hitting times of an Ornstein-Uhlenbeck process are proposed. Numerical implementation is also briefly discussed and results are given in the case of the arithmetic average option.
Introduction
Nowadays, banks and other financial intermediaries are aware that their liquidity needs and their risk-return preferences could be more effectively dealt with by actively managing their assets and liabilities. Often, interest rate derivative securities such as bond or yield options are used to influence their risk exposure.
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In this paper, our aim is to price some of these interest rate options namely European path dependent options on yields. Options on yields have already been considered by Longstaff (1990) in the European case and by Chesney et al. (1993) in the American one. Here we are mainly concerned with three types of path dependent options : arithmetic average call option (or Asian options), call on maximum and lookback call. For these options we give analytical pricing formulae.
Such path dependent options have been priced in the literature about options on stocks in the Black-Scholes (1973) world where stock prices are supposed to follow a Geometric Brownian Motion.
Analytical solutions for options based on the arithmetic average of stock prices have been proposed by Yor (1992, 1993) . This exact approach has also been applied to the pricing of insurance futures contracts by Cummins and Geman (1993) . Along this analytical approach, a number of other approaches coexist in the literature such as numerical approaches or price approximations : Carverhill and Clewlow (1990); Kemna and Vorst (1990) ; Ruttiens (1990) ; Turnbull and Wakeman (1991); Levy (1992) ; Bouaziz et al. (1994) ; Rogers and Shi (1995) .
Others path dependent options on stock prices such as the call on maximum and the lookback call have been priced by : Goldman et al. (1979a,b) ; Merton (1973) ; Conze and Viswanathan (1991) .
In order to answer our pricing problem, we consider the affine class of one factor term structure models with time invariant parameter studied in a more general framework by Brown and Schaefer (1991); Frachot and Lesne (1993a,b) and Duffie and Kan (1996) . Particular cases are the Cox et al. (CIR) (1985) and Vasicek (1977) models. In these models, the yield is an affine function of the instantaneous interest rate and this feature allows to use extensively the distribution properties of the instantaneous interest rate (see Leblanc and Scaillet (1995) for applications to the pricing of forward and futures contracts and Scaillet (1996) to the valuation of compound and exchange options).
Section 2 briefly reviews the continuous time setting underlying the pricing. In Sect. 3 analytical formulae for European path dependent options on yields are derived. We examine arithmetic average options, options on maximum and lookback options and we discuss the problems of the numerical implementation of these formulae. Some pratical results for the European arithmetic average call option are presented. Section 4 concludes. All proofs and technical details are gathered in appendices.
The framework
We first introduce some notations. We denote by B (t, t + τ ) the price at date t of a discount bond of maturity t + τ , i.e. the price of the asset delivering one monetary unit at time t + τ (τ is independent of t). The yield corresponding to this bond namely the yield at date t with time to maturity τ is defined by :
Here we focus on models belonging to the affine class of one factor term structure models with time invariant parameter (see Brown and Schaefer 1991; Frachot and Lesne 1993a,b; Duffie and Kan 1996) . In these models the yield Y (t, t + τ ) is an affine function of the instantaneous interest rate r t :
Under the risk neutral probability Q , the instantaneous interest rate r t satisfies the SDE :
whereW t is a standard Brownian Motion. The initial value of the process is denoted r 0 . This model is called the one factor affine term structure model or the extended CIR model since taking β = 0 leads to the CIR (1985) model. The Vasicek (1977) model is obtained by taking α = 0. Table 1 in which the following notations are adopted :
gives the different forms of the coefficients A(τ ) and b(τ ) (these coefficients are easily deduced from solving a PDE, see e.g. Duffie and Kan 1996).
Path dependent options on yields
In this paper we aim to price at date 0 assets which deliver at date T a cash-flow depending on the evolution between 0 and T of the yield with time to maturity τ :
Due to the affine structure of the model, this is thus equivalent to valuate pathdependent options on the instantaneous interest rate. 
where E Q r0 denotes the conditional expectation under the risk-neutral probability Q .
From equation (1), the price of the discount bond B (0, T ) is given by :
rs ds ].
From this expression, we may determine which distribution the random variable X T = T 0 r u du follows under the risk neutral probability Q . We denote f the pdf of X T . 
and starts from r 0 . The Laplace transform of the distribution of X T is given by :
where
is the price of a discount bond with maturity T depending on the evolution of the instantaneous interest rate r t starting from r 0 = ar 0 and satifying :
with φ = aφ, α = aα and β = a 2 β.
Proof. See Appendix 1.
The discount bond price B (0, T ) is easily derived using Table 1 and the reparametrisation induced by (3), and from equation (2), we see that it is equal to a function of a :
This Laplace transform can be inverted by numerical procedures in order to get the pdf of X T (see 3.4 below for a review of available methods 
, as a one dimensional integral involving this known expression. Indeed we have :
which leads to :
Therefore by inverting (5) and using :
we get the first stated result (let us remark that we use (K − X T ) + in (4) instead of (X T − K ) + for integrability conditions). Finally after multiplying both sides of equation (4) by e −XT , similar computations give the second result. Let us now turn to the option pricing. We first consider arithmetic average call on yields (Asian options) before studying the call on maximum and the lookback call.
European arithmetic average option
The price of a European call option on the arithmetic average of yields with time to maturity τ from time 0 to time T and strike price K is given by :
From the affine form of the yield :
we deduce :
, the price of an option on the average of the instantaneous interest rate with strike price k
. Hence the price of the yield option may be rewritten in terms of the price of an instantaneous interest rate option with a modified strike price. Thanks to Property 1 after inversion of (2) the option price is computable since it writes :
Let us remark that if k is negative, the integration has only to be performed from 0 to ∞ in the CIR and affine models (the density is defined on positive values) which means that the option will be exercised with probability one.
European option on maximum
The price at date 0 of a European call option on maximum of maturity T and strike price K is given by :
Again we deduce from the affine structure of the model an expression involving an instantaneous interest rate option :
In order to compute this price, we need the following property (see Ito and McKean (1974) p. 145 for related results).
Property 2 : Let r t be a solution of the SDE :
starting from r 0 . Let T a = inf {t; r t ≥ a} and let V be a bounded function on [0, a] such that AV = γV , where :
is the infinitesimal generator associated to (7) . Then, we have :
This property gives the Laplace transform of the distribution of a hitting time of a diffusion characterized by its infinitesimal generator and so allows one to recover the density of a hitting time by inverting equation (8) .
Let us now examine the affine model.
Property 3 :
Let r t be a solution of the SDE :
starting from r 0 . Then, we have :
.
Proof. See Appendix 3.
This property characterizes the distribution of the hitting time of level a by the process r t involved in the affine model by means of a Laplace transform.
We are now able to give an analytical pricing formula for the European call on maximum which takes the form of a Laplace transform. Indeed rewriting:
where T v = inf{t; r t > v}. The last equality is due to the strong Markov property and time homogeneity of the instantaneous interest rate process. The new starting point of the instantaneous interest rate is v in the second expectation. It still remains to compute the two expectations.
For the first one, we can use the following change of probability measure :
The instantaneous interest rate r t satisfies under the probability Q * : 
which can be computed thanks to Property 4 with γ =ā + (φ+
, a = v, and the adequate reparametrization implied by (10) .
The second expectation is equal to :
where B v (0, T ) is the discount bond price corresponding to an instantaneous interest rate process starting from the initial value v.
Observe that similar computations could be made for any one factor term structure model since Property 2 is not particular to the affine model. In the case of the Ornstein-Uhlenbeck process it is also possible to use another approach based on the law of hitting times of this process in order to approximate the option price. Indeed if we replace the stochastic discount factor by a deterministic one we get the following approximation :
The computation of P (sup [0,T ] r u > k ) is given in Appendix 4.
European lookback option
The price of a lookback call is given by :
from which we get :
For the lookback call, we can separate the price in two expectations :
The first expectation follows from a standard computation (see e.g. Leblanc and Scaillet 1995) and is equal to :
with :
For the second expectation we may proceed as for the call on maximum :
where T v = inf{t; r t ≤ v}. The first expectation can be computed with the same change of probability as in the maximum case but here using successively Properties 2 and 3 with T a = inf{t; r t ≤ a} and assuming V bounded on [a, ∞[. Since we need a function V bounded on [a, ∞[, we have to retain Kummer's function U instead of M (see Abramowitz and Stegun (1965) , Eq. 13.1.4 and 13.1.8). It has to be noted that an approximation similar to the one proposed for the call on maximum can also be derived in the case of the Ornstein-Uhlenbeck process.
Numerical implementation
In this section, we discuss some problems linked to the numerical inversion of the Laplace transform. We examine in detail the European arithmetic average call where equation (2) has to be inverted in order to give the density involved in the pricing formula. As quoted by Davies and Martin (1979) , "Laplace transform inversion is still an art more than a science". Indeed, Laplace transform inversion is known to be unstable (see also Bellman et al. 1966, p. 17-19) and to be an ill-posed problem in the sense of Hadamard (see Fioravanti et al. 1984) and no clear cut solution to this problem has already been found. So, following the recommendations of Davies and Martin (1979), we have tried several methods. For each methods, we have verified that the inverse Laplace transform is a density function by checking visually the form of the density (the form must be closed to a noncentral chi-square distribution) and by integrating the function using a truncated GaussLegendre quadrature (equation 25.4.30 of Abramowitz and Stegun 1965) with 96 points. This same rule has been used in computing the integral (6) which gives the option price. The truncation points have been chosen on the ground of the form of the density function. Of course more precision could be obtained by dividing the contour of the integral into segments around the mode of the distribution.
We have examined eight option prices corresponding to the CIR model and the choice of parameter values given in Table 2 . We have taken r 0 = 0. The problem of the inversion of the Laplace transform is to evaluate :
where B is the usual Bromwich contour which is conventionally defined from c − i ∞ to c + i ∞ with c chosen in order to have all the singularities of F (a) to the left of the contour. Moreover c belongs to the region of the complex a-plane Re(a) > c 0 for which the function F (a) is analytic. Alternative forms of (11) are given by : 
where F (n) (a) denotes the nth derivative of F (a) with respect to a. This method gives densities (the resulting function integrates to one) with a form of a very peaked noncentral chi-square distribution or the distribution of a stopping time (as illustrated by Fig. 1 ) and seems to give option prices which make sense as can be seen from Table 3 . The method of Stehfest (1970) gives negative values for some points. We have tested other methods such as the method of Weeks (1966) based on Laguerre polynomials or the methods of Dubner and Abate (1968) and Silverberg (1970) based on Fourier series. They all report negative values for some points and the form obtained for the density depends very much on the choice of the parameters characterising the method. We have not used the methods of Piessens and Branders (1971) and Piessens (1972) which are based respectively on Laguerre polynomials and Chebyshev polynomials since they require the knowledge of b such that lim a→∞ F (a) a −b = 1. Indeed in our case the behavior of F (a) when a goes to ∞ is given by :
This equation is of the form :
and gives the behavior of the inverse Laplace transform f (x ) when x goes to 0. Indeed Laplace transforms and their inverses share the property :
The inverse Laplace transform of function (13) when K = 1 is known to be a density (density of the stopping time of a Brownian Motion) equal to :
Since the density function derived with the Widder method bears some resemblance with the form of the density (14), we have tried to fit with a non linear least square procedure F (a) by function (13) taking K = 1 and d as a parameter. We have also tried to fit the Laplace transform of the noncentral chi-square distribution. Unfortunately, both procedures give very poor fits. In order to check if the order of magnitude of Asian option prices in the CIR model is comparable with similar options, we compute Asian and European option prices given by the Vasicek model. We choose in the Vasicek model the same parameter values for the drift and we take as diffusion parameter values : β = 0.00002 and β = 0.002 (the stationary distributions under Q of the instantaneous interest rate for both models have then the same first and second moments). These option prices are easily computed since in the case of the Ornstein-Uhlenbeck process we have that r T under Q T and T 0 r s ds under Q follow Gaussian processes given by :
The Table 4 gives the option prices for the different cases. By comparing the results of Table 3 and Table 4 , we can remark that the prices obtained for Asian options in the CIR model are probably too high (the prices of the European options for the two models are rather close). The prices of Table 3 also seem to decrease when the derivative order in equation (12) increases and therefore they likely constitute an upper bound.
More recently Abate and Whitt (1992) have proposed a method especially designed for highly decreasing function F (a). The inverse Laplace transform is given by :
We have taken A = 40 and n = 1000 and the results of the inversion are shown in Table 5 . As it is seen the results are very satisfactory : the density integrates to one, the bond prices computed with the analytical formula B (0, T ) and the numerical procedure
e −x f (x )dx are very close and the option prices are more sensible. 
Concluding remarks
We have proposed some analytical forms for different path dependent securities on yields in the framework of the affine term structure model. In the case of the European arithmetic average option a density has to be recovered by the inversion of a Laplace transform and for the other path dependent options, prices themselves are expressed under the form of Laplace transforms. Numerical inversion procedures of the Laplace transform thus have to be performed. We have discussed the problems linked with such procedures in the case of the numerical inversion of the density involved in pricing Asian options on yields and we hope that we have brought some elements of answers. However further research is still requested in this area. Beside these numerical points, the result concerning the density of hitting times of the Ornstein-Uhlenbeck process can lead to new theoretical developments in the Vasicek model. r t = ar t , which leads to :
with φ = aφ, α = aα and β = a 2 β. Therefore we deduce immediately that :
where the price of the discount bond B (0, T ) is obtained by replacing φ, α, β by φ , α , β in the coefficients of Table 1 , and r t by r t .
Appendix 2: Distribution of a hitting time
We have :
Hence, V (r t∧Ta )e −γ(t∧Ta ) , where t ∧ T a = min(t, T a ), is a martingale and,
Decomposing this expectation on the events where T a is finite and on the events where T a is infinite and using the boundedness of the function V , we get :
which ends the proof.
Appendix 3: Distribution of a hitting time in the affine model
In the affine model after a change of variable, we have :
and therefore :
Now, using the change of variable z = 2λrt α and equations 13.1.1 (Kummer's equation) and 13.1.11 (complete solution) of Abramowitz and Stegun (1965) , we obtain the complete solution :
where C 1 and C 2 are arbitrary constants and M , U are Kummer's functions. As in practical cases we have 2φ/α > 1, M is the only bounded solution on [0, a] (see Abramowitz and Stegun (1965) eq. 13.5.5 -13.5.12) and we get from Property 2 :
Letting γ goes to zero, we deduce from the properties of M :
which leads to the result.
Appendix 4: Computation of P (sup [0,T ] r u > k )
The Ornstein-Uhlenbeck process is given by
and we denote the hitting time T k = inf{t; r t = k }. We adopt the change of timẽ r t = r t β , which gives :
Thanks to the Girsanov Theorem, we can pass from the process (15) to a Brownian Motion (see Leblanc 1994) thanks to the change of probability : 
0 denotes the conditional expectation taken w.r.t. to this last process. Since we may exchange the extremities of the bridge, we may replace it by a Bessel bridge going from k − r 0 +φ λ to 0 and the expectation is then equal to :
Finally we have : 
